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o : 

O . Abstract 
(N ■ 

$Ih ■ The aim of this article is to characterize unitary increment process by 

1-^ . a quantum stochastic integral representation on symmetric Fock space, 

'sj" , Under certain assumptions we have proved its unitary equivalence to a 

I— i. Hudson-Parthasarathy flow. 

<: 

-5 1 Introduction 

: 

S^. In the framework of the theory of quantum stochastic calculus developed by 

^ ■ pioneering work of Hudson and Parthasarathy [6j, quantum stochastic differential 

> ■ equations (qsde) of the form 

^ : 

OO' dVt=J2 VtL'^A'^idt), Vo = Ihcsr, (1.1) 

(N ■ 

^ I (where the coefficients : /i, > are operators in the initial Hilbert 

Q , space h and A'^^ are fundamental processes in the symmetric Fock space P = 

t> ! Tsym{L'^(M+,^)) with respect to a fixed orthonormal basis (in short 'ONB') 

^ . {Ej : j > 1} of the noise Hilbert space k ) have been formulated and con- 

■ ditions for existence and uniqueness of a solution {Vt} are studied by Hudson 

and Parthasarathy and many other authors. In particular when the coefficients 
L'^ '■ fJ', > are bounded operators satisfying some conditions it is observed 
that the solution {Vt : t >0} is a unitary process. 

In using integral representation of regular quantum martingales in sym- 
metric Fock space [15] , the authors show that any covariant Fock adapted unitary 
evolution (with norm-continuous expectation semigroup) {Kj,t :0<s<t<oo} 
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satisfies a quantum stochastic differential equation (11. ip with constant coeffi- 
cients G B{h). For situations where the expectation semigroup is not norm 
continuous, the characterization problem is discussed in [5l[T]. In [HI [10], by ex- 
tended semigroup methods, Lindsay and Wills have studied such problems for 
Fock adapted contractive operator cocycles and completely positive cocyles. 

In this article we are interested in the characterization of unitary evolutions 
with stationary and independent increments on h®?i, where h and Ti are separa- 
ble Hilbert spaces. In [HI ITT], by a co-algebraic treatment, the author has proved 
that any weakly continuous unitary stationary independent increment process on 
h ® ?i, h finite dimensional, is unitarily equivalent to a Hudson-Parthasarathy 
flow with constant operator coefficients; see also [H [8] . In this present paper we 
treat the case of a unitary stationary independent increment process on h® ?i, h 
not necessarily finite dimensional, with norm-continuous expectation semigroup. 
By a GNS type construction we are able to get the noise space k and the bounded 
operator coefficients such that the Hudson-Parthasarathy flow equation (11.11) 
admits a unique unitary solution and is unitarily equivalent to the unitary process 
we started with. 

2 Notation and Preliminaries 

We assume that all the Hilbert spaces appearing in this article are complex sep- 
arable with inner product anti-linear in the first variable. For any Hilbert spaces 
/C i3(7i, /C) and Bi(TC) denote the Banach space of bounded linear operators 
from Ti to K, and trace class operators on Ti respectively. For a linear map (not 
necessarily bounded ) T we write its domain as T>{T). We denote the trace on 
01 (7i) by Tr-]^ or simply Tr. The von Neumann algebra of bounded linear oper- 
ators on H is denoted by B(H). The Banach space Bi(H,IC) = {p E i3(7Y, /C) : 
IpI := \^p*p G i3i(7i)} with norm (Ref. Page no. 47 in [2j) 

IIpIIi = II IpI lUi(W) = snp{^\{(f)k,p^k)\ ■ {(l)k},{i'k} areONB of JCandUresp.} 

k>l 

is the predual of B{IC, H). For an element x G B{IC, TC), Bi{H, /C) 9 p i— > TrT-i{xp) 
defines an element of the dual Banach space BiiTi^K,)* . For a linear map T 
on the Banach space Bi(H,}C) the adjoint T* on the dual B{}C,H) is given by 
TrniT*ix)p) := Trn{xTip)), Vx G i3(/C,7^), p G B,{n,}C). 

For any ^ E7i® IC^h E7i the map 

1C3 {^,h(S>k) 
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defines a bounded linear functional on /C and thus by Riesz's theorem there exists 
a unique vector ((^, h)) in AT such that 

{{(th)), k) = {^,h®k)yke}C. (2.1) 

In other words ((^, h)) = F,*^ where Fh G B{]C, H ^ JC) is given by Fhk = h®k. 

Let h and Ti be two Hilbert spaces with some orthonormal bases {cj : j > 1} 
and {(j : j > 1} respectively. For A e B{h 7i) and ti, v e h we define a linear 
operator 74(ti, e B{7i) by 

and read off the following properties: 

Lemma 2.1. Let A,B & B{h TC) then for any u, v, Ui and Vi, i — 1,2 inh 

(i) A{u,v) eB{n) with \\A{u,v)\\ < \\A\\ \\u\\ \\v\\ and A{u,vy = A*{v,u). 

(ii) hxh^ A{- , •) is 1 - 1, i.e. if A{u,v) = B{u,v), yu,v eh then A^ B. 

(iii) ^(-^1,^1) 5(142,^2) = [A{\vi >< U2\ (8) ln)B]{ui,V2) 

(iv) AB{u,v) ^J2j>iM'^,ej)B{ej,v) (strongly) 

(v) < A{u,vyA{u,v) < \\u\\'^A*A{v,v) 

(vi) {A{u, v)^i, B{p, w)^2) = E,>i(P «) 0, [^(k >< ^1 ® 16 >< 61)^*^^ ^ 0) 

Proof. We are omitting the proof of (i),(ii). 
(iii) For any i^, C G '^^ we have 

{C, A{ui, vi)B{u2, V2)C) = {ui «) Avi ® S(ii2, 't;2)C) = <^C,Vl^ B{U2, V2)C) 

= 0^,Vi0 Cn) (Cn, ^(^^2, ^^2)0 

n>l 

= ^(^l*-!*! ® ^, Vi Cn) {U2 Cn, ^^2 ® C) 

n>l 

= (g) ^, >< Ii2| «) ICn >< Cn|)5^^2 O C) 

n>l 

= {Ui (g) ^(l^^l >< M2I ® 1h)5^^2 ® 0- 

Thus it follows that 

A{ui,vi)B{u2,V2) = [A{\vi >< U2\ ln)B]{ui,V2). 
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(iv) By part(iii) 

N 

N 

i=i 

where Pn is the finite rank projection \ej >< ej\ on h. Since {[A*{P]sf (8) 

1-h)A]{u,u)} is an increasing sequence of positive operators and < Pn <S> in 
converges strongly to lh®?i as N tends to oo, [A*{Pn (8) 1'h)A]{u,u) converges 
strongly to [A*A]{u,u) as N tends to oo. Thus 

N 

JV— +0O ^ — ' 

i=i 

and 

N 

E < wAu^a' < wArwururyN > i. 

i=i 

Now let us consider the following, for ^, ^ e H 

N N 
N N 

i=i i=i 

< pini«inieinii?ini^inicii'- 

So 

|(e,E^Ke.)i?(e„t')C)l < PIII|i?llll«lll|t'lllieillKII 

and strong convergence of ^jy^A{u,ej)B{ej,v) follows. 

(v) We have 

{^,A{u,vyA{u,v)0 = J2{^,A*{v,u)Q){Q,A{u,v)0 
= J2^v^^, A*u Q {u (g) 0, Av (H) 
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Since J2j>i 10 >< Cjl converges strongly to the identity operator 

and this proves the result. 
(vi)We have 

{A{u,v)^uB{p,wK2) 

= Y,{A{u,v)^^,Q{CJ,B{p,w)^,) 

= J2{Av^ 6, u ® Ci) {P ® 0, Bw ® ^2) 
= J2(B*p ® 0, w ® ® 6, A*u ® 0) 

= ® Q, B{\w><v\(g) 16 >< 61)^*^^ ® 0)- 
i>i 

This proves the first part of (vi), the other part follows from 

^(p ® Ci, Bi\w >< v\ ® 16 >< ^i\)A*u ® 0) 

= rrh^„[(|M >< p\ ® >< t;| ® |6 >< 61)^*] 

= Trh55w[(|«; >< i;| ® |6 >< ^i\)A*i\u >< p\ 

□ 

2.1 Symmetric Fock Space and Quantum Stochastic Cal- 
culus 

Let us briefly recall the fundamental integrator processes of quantum stochastic 
calculus and the flow equation, introduced by Hudson and Parthasarathy [6J. For 
a Hilbert space k let us consider the symmetric Fock space F = F(L^(R+,k)). 
The exponential vector in the Fock space, associated with a vector / G L^(]R+, k) 
is given by 

e(/) = ®^/«">, 

n>0 * 

where Z^"-' = / ®/ ®- -- ®/forn > and by convention f^^^ = 1. The expo- 

^ V 

n— copies 

nential vector e(0) is called the vacuum vector. 
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Let us consider the Hudson-Parthasarathy (HP) flow equation on h®r(L^(]R_|_, k)): 



s,t 



lh«r+ Yl / Vs,rL^,A;{dT). (2.2) 

Here the coefficients '■ > are operators in h and AJ;^ are fundamental 

processes with respect to a fixed orthonormal basis {Ej : j > 1} of k : 



Kit) 



t Ih^r for(/i, z/) = (0, 0) 

a(l[o,t] ® ^j) for(/i, z/) = (j, 0) 

at(l[o,t] (g) Efc) for(/i, z/) = (0, k) 

A(l[o,t] ® \Ek >< Ej\) for(/i, z/) = (j, A;). 



(2.3) 



Theorem 2.2. Let H e B(h) be self- adjoint, {Lk, Wl ■.3,k> 1} &e a 

family of bounded linear operators in h such that W = J2j k>i ^1 



\Ej >< Ek\ 



is an isometry (respectively co-isometry) operator m h®k and for some constant 
c > 0, 

Y,\\LM?<c\\u\\\ Vweh. 



k>l 



Let the coefficients L^ be as follows, 



iH ~\Y.k>iLlLk for{fi,u) 

Lj for {ji, u) 

-T.,>iL]Wl for{^^,u) 

Wl - 6i for (/., z/) 



(0,0) 

U, 0) 
(0,A;) 

{J,k). 



(2.4) 



Then there exists a unique isometry ( respectively co-isometry) operator valued 
process Vg^t satisfying l\2. ^) . 



3 Hilbert tensor algebra 

For a product vector u = Mi ® ^2 ® • • ■ ® w„ G h®" we shall denote the product 
vector Un ® Mn-i ® ■ ■ ■ ® Ml by For the null vector in h*^" we shall write 0. If 
{fj}^i is an ONE for h, then we have a product ONE {/^ = /^-^ (g) ■ ■ ■ (g) fj^ : j_ = 
(ji, J2, ■ ■ ■ ,jn),jk > 1} for the Hilbert space h®". 



Consider Z2 = {0, 1}, the finite field with addition modulo 2. For n > 1, 
let Z2 denotes the n-fold direct sum of Z2 and we write = (0, 0, ■ ■ ■ , 0) and 
i = (1, 1, ■ ■ ■ , !)• For e = (ei, €2, ■ ■ ■ , e„), e' = (e;, e'2, ■ ■ ■ , e^,) we put 

e©e' = (ei, ■ ■ ■ , e„, e[, ■ ■ ■ , e^) G Zg^"" and we define e* = l+(e„, e„_i, ■ ■ ■ , ei) G Zg. 
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Let A e B(h 0n),e eZ2 = {0, 1}. Wc define operators A'-'^ E B{h H) by 
A^'^^ := A if e = and A'-^-' := A* if e = 1. For 1 < /c < n, we define a unitary 
excliange map Pk,n '■ h®" ^ h®" (g) 7i by putting 

-Pfc,n(ll ® := Itl ® • • • (8) tijfc-l ® Itfc+l • • • (8) tin ® (ttfc ® 

on product vectors. Let e = (ei, €2, ■ ■ ■ , £„) G Consider tlie ampliation of tlie 
operator A^'^'^'> in ,B(h®" Ti.) given by 

Now we define tfie operator A^) := HLi ^^"''^^ — ^^^'''^ ' ' ' ^^"''"^ B(h®" ® 
Ti). Please note that as here, through out this article, the product symbol Y[k=i 
stands for product with order 1 to n. For m < n, we shall write e'-™-' = (ei, €2, ■ • • , e^) 
and consider the operator ^(^'™') = HIli ^^""'"'^ in -Blh®'" (g) H) We have the fol- 
lowing preliminary observation. 

Lemma 3.1. (i) For product vectors u,v& h®" 

m m n 

llA(^''^\u,v)=l[A'^{ui,Vi) n {ui,Vi)eB{n). 

i=l i=l i=m+l 

(ii) ForiXen 

m 
i=l 

(iii) If A is an isometry (respectively unitary) then A^'^'^'^'> and A^^ are isometrics 
(respectively unitaries). 

The proof is obvious and is omitted. 

We note that part (i) of this Lemma in particular gives 

n 

A^^{^l.Y) = Y[A^''\u^.v,) (3.1) 

i=l 

Let Mo := {(u,v,e) : u = ®r=i«i, X = (^'Uvi e h®",e = (ei,e2,-- - , e^) G 
Z2, n > 1}. In Mq, we introduce an equivalence relation ' ~' : (u, v, e) ~ 
(2,w,e') if e = e' and |u >< v| = |e >< w| e B(h®"). Expanding the vectors 
in term of the ONB {e; = Cj^ ® ■ ■ ■ ® sj^ : j = {ji,j2, ■ • ■ ,jn),jk > 1}, from 
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|_u >< v| = In >< w| we get Uj^Yj^ = Ej^wj^ for each multi-indices j, k. Thus in 
particular when {u, v, 0) ~ (p, w, 0), for any ^i, ^2 G we have 

= ^ u]Vk{ej (g) ^1, Acfe (g) ^2) 
j,k>i 

= Yl PJ'^kiej <g) 6, ^Cfc (g ^2) 

j,k>l 

In fact 74(-u, f) = A{p,w) iff 0) ~ {p,w,0) and more generally ^^-^(u, y) = 
■* (E) w) iff (u, y, e) ~ (j), w, e') . It is easy to see that (0, y, e) ^ (u, 0, e) ~ (0, 0, e) 

and we call this class the of the quotient set Mq. 

Let us define multiplication and involution on Mq/ ~ by setting 

Vector multiplication: (u, y, e) . (p, w, e') = (u (g) p, y (g) w, e ® e') and 

Involution: (u,y, e)* = e*)- 

Since (u<g)p) ^ Pm® ■ ■ ■ ®Pi®Un0 ■ ■ ■ 0Ui = (p_<g) u_) and (e®e')* = (e')*®e* 

[(u,v,e).(p,w,e')]* = (u®P,Y®w,e©e')* 

= ( v0 w , uOp , (e © e')*) 

= ( w (g) ^, p_ (g u_, (e')* © e*) 

= (e,w,e')*.(u,y,e)*. 

It is clear that e = e' =>■ e* = (e')* and |u >< y| = |p >< w| implies 
1^ >< ^1 = \ w_ >< p |. Thus (u,y,e) ~ (p,w,e') implies (u,y,e)* ~ (p,w?i')*- 
Moreover, (u, y, e) ~ (u',y',e') and (p, w, a) ~ (p',w',a') implies e © a = e' © a' 
and |u (g) p >< y (g) w| = |u >< y| (g) |p >< w| = |u' >< y'| (g) |p' >< w'| = 
|u' (g) p' >< y' (g) w'|. So that the involution and multiplication respect ~ . 

Let M be the complex vector space spanned by Mq/ ~ . The elements of 
M are formal finite linear combinations of elements of Mq/ ~ . With the above 
multiplication and involution M is a *-algebra. 

4 Unitary processes with stationary and inde- 
pendent increment 

Let {f/s,t : < s < t < 00} be a family of unitary operators in B{h (g) Ti) and 
O be a fixed unit vector in 7i. We shall also set Ut := Uo,t for simplicity. As we 
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discussed in the previous section, let us consider the family of operators {U^'^t} i^i 
13{h^n) for e G Z2 given by U^"} = Us,t if e = 0, U^"} = if e = 1. Furthermore 
for n > l,e G Z2 fixed, 1 < k < n, we consider the families of operators {U^'^t^} 
and {Ug-}} in i3(h®" ^Ti). By Lemma [XT] we observe that 

n 
i=l 

For e = G Z2 and 1 < A; < n, we shall write f/f"'^^ for the unitary operator 
?7i7*^ and ?7i"^ for the unitary f/® on h®"®?^. Forn > 1, s = (si, ss, ■ ■ ■ , t = 
(^1, i^2, ■ ■ ■ , ^n) : < si < ti < S2 < . . . < s„ < t„ < 00, = (aS''\ af\ ■ ■ ■ , aS) « 
Z™''' :l<A;<n, m = mi + m2 + -- - + m-n e = e^^ © £2 © ■ ■ ■ © e„ G Z™, we define 
L/^-^ G i3(h®'" ® 7^) by setting 

n 

u^^=\{uii. (4.1) 

fc=i 

Here U^^^J^ is looked upon as an operator in i3(h®™ © 7i) by ampliation and 
appropriate tensor flip. So for u = ©fc=iUfc,y = ©^^^v^ G h*^™ we have 



fc=i 



When there can be no confusion, for e = we write f/g ^ for t/g~^- For a, 6 > 0, s = 
(si, S2, ■ ■ ■ , Sn),t = (ti,t2, ■ ■ ■ ,^n) "we write a < s, t < 6 if a < Si < ti < S2 < 

■■■<Sn<tn<h. 

Let us assume the following properties on the unitary family Ug^t for further dis- 
cussion to prove unitary equivalence of Ug^t with an HP flow. 

Assumption A 

Al (Evolution) For any 0<r<s<t<oo, Ur^sUs,t = Ur^t- 

A2 (Independence of increments) For any < Sj < < 00 : i = 1,2 such 

that [si,ti) n [S2,t2) = 

(a) Us^,tiiui,Vi) commutes with ?7s2,t2('"2, "^2) and U*^^^{u2,V2) for every 
Ui,Vi G h. 

(b) For si < a,b < S2 < a,r < and u,y G h®", n,w G h^™,e G 
Z^,e' G Z^ 
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A3 (Stationarity) For any < s < t < oo and u, v G h'^",e G Z2 



Assumption B (Uniform continuity) 



lim^^o snp{\{n,{Ut-l){u,v)n)\:\\ul = 1} = 0. 
Assumption C (Gaussian Condition) For any Ui, f j G h, Cj G Z2 : i = 1, 2, 3 



Assumption D (Minimality) 

Theset 5 = {f/g^tU, := Us^^tiiui,Vi) ■ ■ ■Us„,tAun,Vn)^ ■ s = (si,S2, ■ ■ ■ 

i = {tlyh, ■ ' ' ytn) '■ < Si < ti < S2 <■■■< Sn < t„ < 00, n > 1,U = 

^7=iUt,y = ®r=i^i e h®"} is total in H. 

Remark 4.1. (a) The hypothesis A, B and C hold in many situations, for ex- 
ample for unitary solutions of the Hudson- Parthasarathy flow ^2. ^) with bounded 
operator coefficients and having no Poisson terms. 

(b) The assumption D is not really a restriction, one can as well work with re- 
placing Ti by span closure of S. Taking < si < ti < S2 < • • • < s„ < t„ < cx3 
in the definition of S Ti. is enough for totality of the set S because : for 
< r < s < t < 00, we have Ur,t{p, ^)) = J2j Ur,s{p, ^j)Us,t{.^j, w). So if there are 
overlapping intervals [sk,tk) H [sk+i,tk+i) 7^ ^ then the vector^ = Ugf{u,v)Q in 
Ti can be obtained as a vector in the closure of the linear span of S. 

For any n > 1 we have the following useful observations. 

Lemma 4.2. (i) For any < r < s < t < 00, 



(ii) For any 1 < fci, ^2, ■ ■ ■ , fcm < '■ ki kj for i ^ j and < Sj < < 00 
i = 1, 2, ■ ■ ■ , n 



limi(f], ([/(^^)-l)(«i,t;i)(t/^^-l)(«2,t;2)(t/^^-l)(«3,t^3) ^) = 0. (4.2) 



■{n,k) _ TT{n,k)TT{n,k) 



(4.3) 



r,t ^ r,s ^ s,t 



m m 



(4.4) 




for every u = ®i=iUi,v = G h®" and e G . 



(iii) 



(4.5) 
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Proof, (i) It follows from the definition and assumptions Al and A2. 

(ii) As in proof of Lemma 13.11 (i) by induction ( I4.4p can be proved so we are 

omitting the proof here. 

(ill) Since j'' is a product of ul^l'^'^ : k — 1, 2, ... n and we have 

it is enough to prove that the unitary operators f/i,"''^'' and commute for 

k ^ I. To see this let us consider the following. By part (ii) and the fact that 
Ur,s{uk,Vk) and Us^t{ui,vi) commute by assumption A2, we get 

= UsAui,Vl)Ur,s{Uk,Vk) n {^^^^^) = ^i"''^ ^ft'^ll, X) • 

As all the operators U appear here are bounded this implies 

□ 



5 Filtration 

For any < g < t < oo, let 7Y[g^t] = Span iS[g,t], where S[q^t] C 7i is given by 

{^[g,t] = U^i{]l,Y.)^ = Ur^,si{Ul,Vi) ■ ■ ■Ur„,Sn{Un,Vn)^ & S : q < T, S < t , H > 

l,u, y G h*^"}. We shall denote the Hilbert spaces 7Y[o,t] and 'H[t,oo) by Ht] and 
7Y[j respectively. 

Lemma 5.1. For < t < T < oo, there exist a unitary isomorphism : 
Ht] ® T^itT] Ht] such that 

Utiu, v) = E;Utiu, v) ® 1h(,,^jH4. (5.1) 
Proof. Let us define a map Et : Ht] ® H[t^T] ~^ Ht] by 

^Mm ® C[*,T]) = f/g(u, Y)f/^r^,(E, w)i] 

for ,^[o,t] = f/r'sdi'X)^ ^ St] and C[t,r] = ^r'^s'fe— )^ ^ '^[t.r]; then extending 
linearly. 
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Now let us consider the following. By assumption A, for ^[Q^t] and C[t,r] as above 
and ?7[o,t] = u'^^^{x,Y_)Q e St] and 7[t,T] = U''^^^,{g,h)Q G S[t^T], we have 

C^ti^m ® C[t,T]), '^t{V[o,t] ® 7[t,T])) 

= (t/g(u, v)t/(r),(£, w)fi, t/2^(x,i)t/(:)^,(£, h)fi) 



= (^[0,t],^[0,t])(C[i,T],7[t,T])- 

Thus we get {Et{^io^t](S)C[t,T]),'^tiV[o,t](S)-f[t,T])) = (^[o,t] ® C[f,T] , ?7[o,t] ® 7[t,T] ) • Since 
by definition range of is dense in Ht] , this proves Et is a unitary operator. 
Again by similar argument as above, for any u,v G h, we have 

(St ^[o,t] ® C[t,T], Ut{u,v) Et r][Q^t] ® i[t,T]) 
= (f/g(u,y)^],f/,K^;)f/'^(x,y)^]) 

(^g),(p,w)fi,t/^:_)^,(£,h)fi) 

= (^[o,i] , f^t(M,^^)^[o,t]) (C[t,r],7[t,T]) 



This proves (15.11) . 



□ 



6 Expectation semigroups 

Let us look at the various semigroups associated with the unitary evolution {Ug^t}- 
For any fixed n > 1, we define a family of operators {t/"^} on h®" by setting 

Then in particular for product vectors u = C?)"=iMi, y = « G h*^" 

(u,Tt^"^ V) = (^^,f/f^(u,v) 9) = {n,Ut{UuVi)Ut{u2,V2)---Ut{Un,Vn) fi). 

For n = 1, we shall write Tt for the family t/^\ 

Lemma 6.1. The above family of operators {T^"^} is a semigroup of contractions 
on h®". 
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Proof. Since t/^"'' is in particular contractive, for any E h*^"" 

|(0,t(") ^)| = |(0fi,[/i"V f^)l<ll0ll ll^ll 
and contractivity of t/""* follows. 

(n) 

In order to prove that this family of contractions Tj is a semigroup it is enough to 
show that for any < s < t and product vectors u = y = ®"=if « G h®", 

(u,t(") y) = (u,TWTSy). 

Consider the product orthonormal basis {e^ = e^-j ■ ■ ■ ej^ : i = 
(ji, J2, ■■■ ,jn) ■ ji, J2, ■■■ ,jn > 1} of h®'". By part (iii) of Lemma [O and evolu- 
tion property (14 .Sp of f/; 



(n) 



t 5 



(u,t/") y) = (fi,[/i")(u,y) Q) 

i 
i 
i 



k=l 



(ill) For any G h®"-, 

||(t/i"''=)-l)0®Of 
= ((1-T("''=))0,0) + (0,(1-T("'^))0) 
<2||1-Ti| 



□ 



The following Lemma will be needed in the sequel 
Lemma 6.2. (i) For 1 < k < n, 

{Q, ui"'''\E,w)Q) = (a Ihm-i) ®Tt® lh(®n-.)w;), G h^". (6.1) 

We shall denote the ampliation l^(m-i) ® Cg) lh(®n-fc) by t/"''^''. 
(ii) For any 1 < m < n, w G h®", 
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\\{ur-i)^®nr 

<2||(i-r("))|| ||0f. 

(v) For any v 

J2 WiUt - l){en.,v)Qf = 2Re{v, (1 - T» < 2\\vfm - (6-2) 

m>l 

Proof, (i) It follows from the fact that for product vectors 

(f^,f/i"''^few)fi) = {p,,Ti''''^w,)ll{p,,w,). (6.3) 

The part (ii) follows from Lemma [4.21 (ii). 

Proof of (iii) and (iv) are similar so we prove only for ul:^'^\ We have 

||(f/i"'^)-i) <pnr 

= m, [(f/("'^) - i)*(f/i"'^) - i)]0fi) 

< [2 — [U^"'^'^)* — Ui^'''^](j)Q) (since uj;"''^^ is in particular contractive) 
= ((1-T("'^))0,0) + (0,(1-Ti"''=))0) 

Thus the statement follows, 
(v) For any v Eh 

m>l 
m>l 

= {n, [{Ut-inut-mv,v)n) 
< {n, [2~u: -Ut]{v,v)n) 

= {v, [2 - T; - T,]v) = 2Re{v, (1 - T,)v) < 2\\vf\\T, - 

□ 

Now we are ready to prove 

Proposition 6.3. Under the assumption B the semigroup {t/""*} is uniformly 
continuous. 
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Proof. Assumption B on the family of unitary operators {Ug^t} implies that the 
semigroup of contractions {Tt} on h is uniformly continuous. To apply induc- 
tion let us assume that for some m > 1, the contractive semigroups {t/"'''} are 
uniformly continuous for all 1 < < m — 1. Now, for any (f),ip E h®"^ 

/ m-l \ 



k=l 

m—1 



k=l 

/ m-l \ 



j-{m,fc) 

k=l 

Taking absolute value, by Lemma W72\ we get 

n(m) 



(Tr^-ih«™)v^)i 



^2||T^'™)- WII + 1(0, ([Tf ® Ih] - lh«™) ^)| 



< 

< 1101111^11 [v/2||T,-l|| + ||T^-^)-l| 

So uniform continuity of t/™ and implies that t/™'' is uniformly continuous. 

□ 

Let us denote the bounded generator of the uniformly continuous semigroup t/"^ 
on h®" by G^") and for n = 1 by G. 

For m, n > 1, we define a family of operators {^l™'"^ : t > 0} on the Banach 
space i3i(h®™,h®") by 

Then in particular for product vectors u, y G h®™',p, w G h*^". 

(n, Z^'")(|w X y|)u) := {ut\n,Y.n t^i^^fe w) fi). (6.4) 

Lemma 6.4. The above family {zf™"'"^} is a semigroup of contractive maps on 
i3i(h®'", h®"). Furthermore, assumption B implies that {zj.^'"'^} is uniformly 
continuous. 
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Proof. For p E i3i(h^™,h®") 

= \\Trn[ut\p®\n X l^|)(f/fV]||i 
= sup{$^K0r\rr„[f/i")(p®|fi><fi|)(f/rV]0f^)l : {4^} 

k>l 

is an ONB of = m,n} 

< sup J2 \{<i^t'^®QM^\p^\^ X ^ ® 0)1 

j,k>i 

<||f/^")(p®|fi><^]|)(f/^Vlll• 

Since for any I > 1, {f//'"*} is in particular a contractive family of operators 

ll4^'"'"Vlli<llp®|fi><fi|||i = l|p||i- 

In order to prove that the family of contractions {zj:"^'^^} is a semigroup it is 
enough to verify that property for the rank one operator p = |w >< y| : w = 
®i'=i'^i ^ h*^", y = ^iLi^i € h*^™. Therefore, it suffices to prove that for = 

(p,Z^")(p)u) = (E,Z^«)ziTHp)u)• 

By Lemma \A.2\ part (iv) of Lemma [2.11 and assumption A for < s < t, u, y G 
h®™ and product ONB {ej""^ = Cj, ■ ■ ■ ^e^-^} of h®"^ and {e{^"^ = O ■ ■ ■ ^e^J 
of h®" 



in). 



This give 



(p,zf'")(p)u) 

ik 

i.k 
i 

= Tr[(Zf'"))*(|u><p|)4T^(p)] 
= Tr[|u><p|Zi™.")4r)(p)] 
= (p,Zf'")z(T)(p)u). 
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In order to prove uniform continuity of zj:^'""^ we consider 



II 



{m,n) 



l)(|w><v|)||i 



suplE K<^i"^ (^^"^ - l)(l^ X ^l)<^^^)l ■ {<t^i^} 



k>l 



is an ONB of h®',/ = m,n} 



^« k>i 



fc>l 



+ sup J2 I ('/•i'"^ , X) (f^, (f/f ^ - 1) , w)(]) I 



< sup 



+ sup 

4>w 



5^||(f/^)-l)(0f),v)fi|p 



A;>1 



,w)fi||' 



,fe>l 



.fc>i 



,fc>i 



So by Lemma 16.21 



||(Z^'")-l)(|w><y|)|K 
< v^llxll ||w|| (J\\t}-^ - 



+ \/\\Ti''^-n 



Now for any p = J2k ^fcl^i"^ >< 0fc"^l ^ 'Bi(h®™, h®") we have 



,(m,?i) 



(P)-Plh 



<v^5^|A,|(v/||Tf)-l|H 
k ^ 

<v^iipiii fv^F^+VPf^ 



□ 

Thus by uniform continuity of the semigroup t/"^^ and t/"'' it follows that the 
semigroup zj:"^'^^ is uniformly continuous on ;Bi(h®™, h®"'). 

We shall denote the bounded generator of the semi-group z'f^''^'^ by For 



n > 1 we shall write for the semi-group Zi" on the Banach space i3i(h®'^) 
and shall denote its generator by C}''^\ Moreover, we denote the semigroup 
and its generator CS^^ by just Zt and £ respectively. 



(1) 
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Lemma 6.5. For any n > 1, is a positive trace preserving semigroup on 

i3i(h^"). 

Proof. Positivity follows from 

HIy >< v|)u) = ||f/i"^(u,v)l]f > V u,v G h®". 
To prove that Z^^^ is trace preserving it is enough to show that 

Tr[zf'^)(|u><v|)] = (v,u). 
By definition and Lemma [2. II 

Tr[zi-\\n X y|)] = J](e„ 4")(|u >< y|)e,) 

k 

k 

= (fi,(f/("))*f/i")(v,u)^^). 
Since t/^"^ is unitary, we get 

Tr[zi")(|u><y|)] = (y,u). 

□ 

This Lemma gives 

Tr0''^p) = 0, Vp e Si(h®"). (6.5) 

We also need another class of semigroup. For m,n > 1 we define a family of 
maps Ff"^'"^ on the Banach space i3i(h®'^, h*^") by 

^im,n)^ = Trniiui'^^yip ® 1^^ >< n\)U^"'\ \fp G Si(h«™, h®") (6.6) 

So in particular for product vectors u, y G h®"^,^, w G h®", 
(p,Ff'")(|w ><y|)u) = ((f/f))*(u,y)fi, (t/i"))*(i), w) fi). 

Lemma 6.6. For any m,n > 1, {i^^*^™'"^ : t > 0} zs a uniformly continuous 
contractive semigroup. 

Proof. Similarly as for the semigroup 

For n > 1, we shall write F^"'-' for the semi-group _p^*-"'"^ on the Banach space 
i3i(h'®"') and in particular Ft for the semigroup f/^^ on -Bi(h). We conclude this 
section by the following useful observation. 
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Lemma 6.7. Under the Assumption C, for any n > 3, u,vG h'^"',e G 

lim^(n, {Ut'^ -I){uuvi)---{U^'-^ -l){Un,Vn) fi) = 0. (6.7) 
Proof. We have 

_ _ l)(^„,^„) Qf 

for some constant Cu,v independent of t. So to prove (16. 7p it is enough to show 
that for any u,v,p,wEh and e, e' G Z2 

limi||(t/(^) - l)iu,v){uP - l)ip,w) = 0. (6.8) 
So let us look at the following 

||(f/(^)-l)(«,^;)(f/f)-l)(p,^)^]f 

= {{ut^ - iKu,v){ui'^ - i){p,w) n, {ui'^ - i){u,v){ut'^ - i){p,w) n) 

= ((f/f ) - l){p,w) Q, [{Ut^ - l){u,v)nui'^ - l){u,v)iut'^ - l)ip,w) n). 
By part (v) of Lemma 12.11 the above quantity is 

< Ikf ((t/f ) - l)ip, w) n, [{Ui'^ - inui'^ - l)]iv,v)iui'^ - l){p,w) n). Since 
by contractivity of the family f/^'\ {U^'^yU^'^ < 1, we get 

< ((t/f ) - l){p,w) Q, [1 - {Ui'^r + 1 - Ut^]{v,v){ut'^ - l){p,w) Q) 
= -WufiiUt'^ - l)ip,w) Q, pi'^'^ - l]{v,v){ut'^ - l){p,w) Q) 

- Wufiiut'^ - i)ip,w) n, {ut^ - i){v,v)iut'^ - i)ip,w) n). 

Thus by Assumption C we get (16.81) and the proof is complete. □ 

7 Representation of Hilbert tensor algebra and 
Hudson-Parthasarathy (HP) equation 

We define a scalar valued map i^' on Mx M by setting, for (u, y, e), (p, w, e') G Mq, 
((li;X; i); (Sj W)i)) • = |™ ( (^i ~ 1) (H) x)^) (^1 " 1) (E) w) ^) ) whcu it exists. 
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Lemma 7.1. {i)The map K is a well defined positive definite kernel on M. 
(ii) Up to unitary equivalence there exists a unique separable Hilbert space k, an 
embedding rj : M —>■ k and a * -representation vr of M, tt : M i3(k) such that 

{viM,v,€_) : {u,v,€,) G Mo} is total in k, (7.1) 

{v{u,v,£),v{E,m,§!)) = K {{u,v,e),{p,w,e)) (7.2) 

and 

'^{'Mi-,v-,e)r]{p,w,e) = ri{u® 2-, w, e® e^) — {p, w)r]{u, v, e). (7.3) 

Proof, (i) First note that for any (u, v, e) G Mq, u = ®^=iUi,v = (8>"=ifj, 
e = (ei, 62, ■ ■ ■ , en) we can write 

n n 

{Ut^ - 1)(u,y) = l[ut^\u,,,v,) - l[{u,,,v,) 

i=l 1=1 

l<i<n jy^i 
I 

)l[{u„v,). (7.4) 

2<l<n l<ii<...<im<n k=l jj^ik 



Now by Lemma [6771 for elements (u, v,e), (e, w,e') G Mq, e G and e' G Z2, we 
have 

((u,v,e), (E,w,e')) = lim^((t/(^^ - l)(u,y)fi, {uf - 1)(e,w) ^]) 

l<i<m, l<j<n k^i l^j 

Hence existence of the above hmit follows from the fact that the semigroups 
on h and Zt, Ft on Bi{h) are uniformly continuous and 

= {u^^'\ui,Vi)n, ul'{pj,Wj) n) - {ui,Vi){pj,Wj) 



-{n, [{ui'^^ -i){u„Vi)]n){p„w,). 

Thus K is well defined on Mq. Now extend this to the *-algebra M sesqui-linearly. 
In particular we have 



K{iu,v,0),ip,w,0)) 



Z — \ T — 1 T — 1 

lim{(p, — i\w ><v\)u) - {u,v) {P,—^ — w)-{u,—^ — v) {p,w)} 



{p, C{\w >< v\)u) — (m, v){p, G w) — (u, G v){p, w). (7.5) 
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Positive definiteness follows from the fact that, setting 

N 

CiCjK {{Ui,Vi,ei), {Uj,Yj,ej)) 

1 ^ 

= ]hn-\\Y,cMt)r>0. 

i=l 

(ii) Kolmogorov's construction (Ref. [H]) to the pair {M,K) gives the Hilbert 
space k and embedding rj satisfying (17. ip . The separability of k follows from (17.11) 
and the verifiable fact ||?7(u, y, e) — 77(2, w, e)||k — * as ||u — p|| and ||y — w|| ^0. 

Setting n by fl7.3p we show that the map 7r(u, y, e) extends to a bounded linear 
operator on k with ||vr(u, y, e)|| < ||u|| ||y||. For any ^ = J2iLi Cj'7(lii! Xi? ij) ^ k let 
us consider 

lk(li,X,e)eir 

N 

= QCj(7r(u,y,e)r7(Ui,y.,eJ,7r(u,y,e)r7(u^.,y^.,e^.)) 

N 

= Y CiCj{[ri{n®Ui,v®Vi,e®ei) - (uS-"\yS-"^)r7(u,y, e)], 

= fol^ c,c,(t/(^)(u^^\v(^))[[/^) - l]fe,yjfi,f/(^)(u(^),y(^))[f/^^ - l](u^^\ 

= limi(0(t), [t/i^^(u(^\y(^))]*f/i^Hu(^\y(^))0(t)) 
= lhnil|f/i^)(u(^),y(^))0(t)||2, 

where := X]r=i '^«[^t"''' ~ l](lii"^'*5 x!"''')^ ^ In the above identities we 
have used the fact that for any e G G and product vectors ^^-\'w^'' £ 

[^f - - l](2^-^ ® x(^\w(-^ ®y(-)) - (x^-\y^-^)[t/i-^ - l](2^-\w^-^) 

= f/i^)(p(^),w(^))[t/i^) - l](x(^),y(^)). (7.6) 
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Since Uj: -)) has its norm bounded by ||u|p ||vp we get 

lk(u,v,6)ef <||uf ||vf liml||0(t)f 

N 

= kr iixinieir 

which proves that vr(u, v, e) extends to a bounded operator on k with 
lk(u,v,e)|| < ||u|| ||v||. 

In order to prove that tt is a ^-representation of the algebra M it is enough 
to show that for any e G Z^,e' € ^ ^2 ^'^'^ product vectors w G 

h®"',E',w' G h®",x,y G h®5 

(i) 7r(u, y, e)7r(p, w, e!)r]{x, y, e") = 7r(u 2, y ® w, e © e')r7(x, y, e") 

(ii) (7r(u,y,e)?7(2,w,e'), ?7(x,y,e")) = ('7few,e'), 7r( u_, ^, e*)r7(x,y, e")). 
By the definition of vr 

7r(u, y, e)7r(p, w, e)r]{x, y, e") 

= 7r(u, y, e) [r]{^ ® x, w ® y, e' © e") - (x, y)v{r, w, e')] 

= //(u ©2®X)X®w©y,e©e'© e") — (2 © x, w © y)^?(u, y, e) 

- (X) z) [^7(u ® S) V © w, e © e') - (p, w)r]{u, y, e)] 

= r7(u ©2®x,y®w®y,e©e'© e") - (x, y)r7(u © E, y © w, e © e') 

and (i) follows. To see (ii) let us look at the left hand side. By (17.61) 

(7i"(u,y,e)?7(p,w,e'), ?7(x,y,e")) 

= \un^{Ui'\n,Ym' - 1)(e, w) n, {uf - l)(x,y) ^]) 

= limi((f/f'-l)(i),w) fi,f/f (^,^)(t/f -l)(x,y) n) 
= (^few,e'), 7r( u_,^,e*)r7(x,y,e")) = RHS. 

Thus 

7r(u, y, i)vr(p, w, e') = 7r(u © y © w, e © e') 

7r(u,y,e)* = 7r(u_,^,e*). (7.7) 

□ 
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Lemma 7.2. (a) For any {u,v,£) ^ Mq, u = ®^=iUi,v = <S>2=iVi 
ande = (ei,e2,- ■■ , e„) 

n 

V{u,v,e) = ^Y\.(^k,Vk)r]iui,Vi,ei) (7.8) 

i=l kj^i 

(b) ri{u,v,l) = —ri{u,v,0), Wu,vEh. 

Proof, (a) For any (n, w, e') G Mq, by (17.41) and Lemma I^Tf we have 

(^(u,Y,e),r/(e,w,e')) = ((u,v,e), (n,w,e')) 
= ;im^((f/i^^ - l)(u,y)fi, - 1)(e,w) fi) 

= X^n^^^*^S^(^* - 1)^''^^^,^.) ^, (uf - i)(n,w) r]) 

1=1 k^i 
n 

= ^W{uk,Vk){ri{ui,Vi,ei),ri{]i,w,e)). 

i=l ky^i 

Since {^^(n, w, e') : (n, w, e') G Mq} is a total subset of k, (17.81) follows, 
(b) For any M,f G h, (n, w, e) G Mq, we have 

= limi((f/i + U* - 2){u,v)n, {Ul^ - !)(£, w) fi) 

= -lim^ ([(?/; - l){Ut - l)]{u,v)n, {Uf^ - l)(n,w) n) (since [/t is unitary) 
= -lim^ ^((f/t - l)(e™,M)fi, (t/i - l){er^,v){u['^ - l)(i),w) 1]). 

That this limit vanishes can be seen from the following 

1^ - l)(e„^,M)fi, {Ut - l){e„,,v){u[^ - !)(£, w) 

m>l 

m>l m>l 

By Lemma 16.21 (v) and Lemma 12.11 (iv) the above quantity is equal to 

2Re{u, l^«)i(([/(^) - i)(e, w) [([/; - i){u, - mv,v)(u^^ - i)(n, w) ^]) 

< 2i?e(n, i^n)i((f/i-) - l)(i), w) (2 - U; - Ut){v, v){u\^^ - l)(n, w) 
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Therefore, since Tt is continuous, by Assumption C 

lim^ - l){e^,u)Q, {Ut - l){e^,v){ui'-^ - l)(i3,w) Q) = 0. 

m>l 

Thus {r]{u,v, l),r7(E,w,e) = f , 0), 77(2, w, e). As {r]{^,w,e : (n,w,e) G Mq} 

is total in k, ri{u, v, 1) = —rj{u, v,Q). □ 

Remark 7.3. Writing r]{u,v) for the vector ri{u,v,0) G k, 

Span{ri{u,v) : m, t> G h} = k. (7.9) 

Remark 7.4. The * -representation tt of M in k is trivial 

■^iu,v,e_)r]{2,m,^) = {u, v)vi2, §!) (7.10) 

Now we fixed an ONB {Ej : j > 1} for the separable Hilbert space k. Then we 
have the following crucial observations. 

Lemma 7.5. (a) There exists a unique family {Lj : j > 1} in -B(h) such that 
{u,Ljv) = {Ej,ri{u,v)) and X]j>i ll-^i^ll^ — UmP, V u G h, so that 

J2j>i converges strongly. 

(b) The family of operators {Lj : j > 1} is linearly independent, i.e. Ylj>i ^j^i ~ 

for some a = (cj) G P{N) implies Cj = 0, Vj. 

(c) // we set iH := G + | J2j>i ^j^j then H is a bounded self-adjoint operator 

on h. 

Proof, (a) By 07. 5p . for any u,v Eh 

wvMr 

= {u,C{\v >< v\)u) — {u, v){u, G v) — {u, G v) {u, v) 
< [||£|| + 2||G||] \\uf \\v\\\ 

So for each j > 1, the map rjj{u,v) := {Ej,ri{u,v)), defines a bounded quadratic 
form on h and hence by Riesz's representation theorem there exists a unique 
bounded operator Lj G B(h) such that {u,Ljv) = rij{u,v). Now consider the 
following 

j j,k k 

= X] [(efc,£(|M >< u\)ek) - {ek,u){ek,G u) - {ek,G u){ek,u) 

k 

= TrC{\u >< u\) — {u,G u) — {u, G u). 
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Since Zt is trace preserving 

^ \\L^uf = -{u,Gu)- {u,Gu) < 2\\G\\ \\u\\^. (7.11) 
j 

(b) Let ^j>i CjLj = for some c = (cj) G /^(N). Then for any u,v & h we have 

= (M,^CjLjt;) = ^Cj{u,Ljv) = Q2cjEj,r]{u,v)). 

i>i i>i i>i 

Since Span{ri{u, v) : u,v E h} = k, it follows that J2j>i'^j^j = G k and hence 
9 = 0, Vj. 

(c) The boundedness of G and (17. lip imply that J2j>i ^*j^3 ^ bounded self- 
adjoint operator and hence H is bounded. For any m G h by the identity (17.111) 

{u,{2G + J2l*L,)u) 

i>i 

= {u, 2Gu) + ^ ll^j-wf = (m, Gu) - {Gu, u) 
j 

= -{{2G + Y,L]L,)u,u) 

i>i 

Thus (m, Hu) = {Hu, u) and by applying the Polarization principle to the sesqui- 
linear form (u, v) t— > (m, ifw) it proves that H is self-adjoint. □ 

Lemma 7.6. The generator C of the uniformly continuous semigroup Zt on i3i(h) 
satisfies 

Cp = Gp + pG* + J2LjPL*, VpGi3i(h). (7.12) 

i>i 

Proof. By (17. Sp . for any u,v,p,w G h we have 

{ri{u,v),r]{p,w)) = {u,Ljv){p,Ljw) 

= (p, C{\w >< v\)u) — {u, v){p, G w) — {u, G v) {p, w), 

which gives 

{p, C{\w >< v\) u) 

= {p, \Gw >< v\ u) + (p, \w >< Gv\ u) + ^^(p, \LjW >< Ljv\ u) 

i>i 

= {p, G\w X v\ u) + {p, \w >< v\G* u) + ^(p, Lj\w >< v\L* u). 

i>i 

Since all the operators involved are bounded (17.121) follows. 

□ 
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7.1 Associated Hudson-Parthasarathy (HP) Flows 

Recall from previous section that starting from the family of unitary operators 
{Us,t} with hypothesis A, B, C we obtained the noise Hilbert space k and bounded 
linear operators G, Lj : j > 1 on the initial Hilbert space h. Now define a family 
of operator : /U, z/ > 0} in B(h) by 

f G = iH-\Y.,^,LlL, for (/i, z/) = (0, 0) 

Lj for (/i, z/) = (j, 0) 

-LI for (/i,z/) = (0,A;) ' ' 

for (/i, z/) = (j, /c). 

Note that the indices yU, z/ vary over non negative integers while j, k vary over non 
zero positive integers. 

Let us consider the HP type quantum stochastic differential equation in h ® 
r(L2(M+,k)): 

Vs,t=l^^r+Y. I Vs,rL>^A';{dr) (7.14) 

with bounded operator coefficients given by (17.131) . By Theorem \2.2\ there 
exists unique unitary solution {Vg^t} of the above HP equation. We shall write 
Vt := Vo,t for simphcity. The family {V*f} satisfies: 

dV*, = J2 {L';rv:,A;{dt), K.s = Ih^r (7.15) 

and for any u,v Eh, Vs,t{u, v) and Vs,t{u, v)* satisfy the following qsde on F : 

dVsAu,v) = J2 Vs,t{u,Ly)A';{dt), VsAu,v) = {u,v)lr. (7.16) 

dV:,iu,v) = J2 V*,iL';u,v)A;idt), V*,iu,v)] = {u,v)lr. (7.17) 

l-i,u>0 

As for the family of unitary operators {Ug^t} on h^H, for e = (ei, e2, ■ ■ ■ , e„) G Z2 
we define v}f G i3(h®" ® F) by setting v}f G i3(h ® F) by 

V}^J = K,* for e = 
= V*, for e = 1. 

We shall write V;^ for v}f , G Z^. 

Lemma 7.7. The family of unitary operators {Vg^t} satisfy 
(i) For any < r < s < t < 00, Vr^t = K,sK,i- 
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(ii) For [q,r) fl [s,t) = 0,Vg^r{u,v) commute with Vs^t{p,w) and Vs^t{p,w)* for 

every u, v,p,w G h. 

(iii) For any < s < t < oo, 

{e{0),Vs,t{u,v)e{0)) = (e(0), t;)e(0)) = {u,Tt.sv), ^u,v e h. 

Proof, (i) For fixed < r < s < t < oo, we set Wr,t = K-,sK,t and Wr^s = 
Then by (17.141) we have 

Wr,t = Vr,s +Y. I Vr,sVs,,L':;A;{dq) 
= Wr,s+ J2 f Wr,,L^,A';{dq). 

Thus the family of unitary operators {VF^^t} also satisfies the HP equation (17.141) 
and, hence by uniqueness of the solution of this qsde, Wr^t = K,t,Vt > s and the 
result follows. 

(ii) For any < s < t < oo Vs,t ^ B{h ® T[s,t])- So for p,w E h, Vs,tip,w) e 
B{r[s,t]) and the statement follows. 

(iii) Let us set a family of contraction operators {Ss^t} on h by 

(m, Ss,tv) = (m ® e(0), Vs,tv ® e(0)), Vm, v eh. 

Then for fixed s > 0, this one parameter family {5's,t} satisfies the following 
differential equation 

dt 

where G (= Lq) is the generator of the uniformly continuous semigroup {Tt} so 
Ss^t = Tt-^s and this proves the claim. 

□ 

Consider the family of maps Zs^t defined by 

Zs,tp = Trn[Vs,t{p®HO) >< 6(0)1)^:*], Vp G B,{h). 

As for Zt, it can be easily seen that Zg^t is a contractive family of maps on Bi{h) 
and in particular, for any u,v,p,w G h 

{p,Z,^t{\w ><v\) u) = (K,tKt^)e(0),K,t(p,t/^)e(0)). 
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Lemma 7.8. The family Zt := Z^ t is a uniformly continuous semigroup of con- 
traction on Bi{h) and Zg^t = Zt-s = Zt-s- 

Proof. By (17. 161) and Ito's formula 
(p, [Z,^t-l\{\w><v\)u) 



= {Vs,tiu,v)e{0),Vs,tip,w)e{0)) - {u,v){p,w) 

= ^ {VsAu,v)e{0),Vs,riP,Gw)e{0))dT + JjVsAu,Gv)e{0),VsAP,w)e{0))dT 
+ I (K,r(M,%^)e(0),K,r(p,^jw)e(0))dr 

J s 

= I {p, ZsA\Gw >< v\) u)dT + I {p, ZsA\'^ X Gv\) u)dT 

J s J s 

+ / {p, ZsA\LjW >< Ljv\) u)dT 

= {p,Zs^rC-{\w X V\) u)dT, 

where C is the generator of the uniformly continuous semigroup Zf. Since the 
maps £ and Za^f, : < a < b are bounded, for fixed s > 0, Z^^t satisfies the 
differential equation 

Zs,t{p) = P+ Zs^r^p)dT, p e Bi{h). 

J s 

Hence Z^ is a uniformly continuous semigroup on i3i(h) and Z^^t = -^i-s = -^t-s- 

□ 

8 Minimality of HP Flows 

In this section we shall show the minimality of the HP flow Vg^t discussed above. 
We prove that the subset S' := {( = l^.tfe v)e(O) := Vs^^tiiui,vi) ■ ■ ■Vs„,t„{un,Vn)e(0) 

S = (Si, S2, ■ ■ ■ , t = (ti, t2, ■ ■ ■ ,tn) '■ < Si < ti < S2 < . . . < S„ < t„ < 

oo,n > l,u = (S>"=iWi,y = (8>"=ifi € h*^"} is total in the symmetric Fock space 

r(L2(R+,k)). 

We note that for any 0<s<t<r< oo, u,v E h hj the HP equation (17.141) 
^ ■[Vs,t-l]{u,v)e{0) 



t - s 
~ t 



— iYl I VsAu,hv)a]{d\)+ [ Vs,x{u,Gv)dX}e{0) 
'y{s,t,u,v) + {u,Gv) e(0) + C(s,t,M,f) + ?(s,t,-u,f), (8.1) 
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here these vectors in the Fock space T are given by 

-f{s,t,u,v) := t^^j>i{u, Ljv)a]{[s,t]) e(0) 

({s, t, u, v) := E,>i £(K,A - l){u, L,v)a]{d\) e(0) 
^{s,t,u,v) := ^/;(K,A-l)KG'i;)rfA e(0). 

Note that any ^ G T can be written as ^ = ^(°)e(0) © © ■ ■ ■ , ^^"^ is in the 
n-fold symmetric tensor product L^(R+,k)®" = © k®"), where S„ is the 

n-simplex {t = (ti, ^2, ■ ' ' ; ^n) : < ti < t2 < • • • < < oo}. 

Lemma 8.1. Let r > 0. For an?/ u, i; G h, < s < t < r, define constants 
Cr = 2e" an(i a,^ = a{Ej>i \\Ljvf + t\\G v\\^}. Then 

a. 

\\{Vs,t-l)ve{0)\\^ <CrAt-s). (8.2) 

b. For any m G h 

II 5^ fvsAu,L,v)a]{dX)e{0)r 

<C4ufJ2 [ \\Vs,xLjV ^ e{0)f dX 
j>i 

<a(t-^)lkf J^livf- 

Proof, a. By estimates of quantum stochastic integration (Proposition 27.1, [13]) 

\\{Vs,t - l)ve{0)r 

= \\J2 [ Vs,xL,a]{d\) t;e(0)+ j Vs,xGdX ve{0)\\^ 

<a A5^||L,t;f + ||G^;|r}rfA 

i>i 

b. For any in the Fock space r(L^(R_|_, k)), 

fvsAu^L,v)a]{d\)em? 

= \{u(^(t>,{Y, I V,,^Lja]{d\)]vem? 

<lk®0iril{E fv,.^L,a]{d\)]vem?- 
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By estimates of quantum stochastic integration the above quantity is 



Since is arbitrary and Vg^s are contractive the statement follows. 



Lemma 8.2. Let r > 0. For any u,vGh.,0<s<t<T 

(a) \\iVs,t-l)iu,v) e(0)f <2a,.|kf(t-s). 

(b) snp{\\( {s,t,u,v)\\^ : < s < t < t} < oo and 

\\^{s,t,u,v)\\ < \\u\\y/2C,^Gvit- s), V < s < t < r. 

(c) For any ^ G r(L2(M+, k)), lim,^t(^, C(s, t,u,v)) = and 

lim{(, ^{s,t,u,v)) = y^{u,L,v)^f{t) = {^^'\t),r]{u,v)), a.e. t > 0. 




□ 



Proof, (a) By identity (18.11) and Lemma [8. II (b) we have 



\m,-l){u,v) e(0)f 




<nY.I Vs,^{u,L,v)a]{da) e{0)f + [[ \\VsAu,Gv) e{0)\\da]^ 



<2\\ur[CAt-s)J2\\LA' + [it-^)\\G^\\?] 



< 2Cr,v\\ufit - S). 



(b) 1. As in the Lemma [8.11 (b) we have 



\\as,t,u,v)r 



(t-s) 



J2 I iV.,x-l)iu,L,v)a]{d\) e(0)|p 




Now by Lemma IHTT] (a), the above quantity is 




j>i i>i j>i 
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Since J2j>i W^j ^IP — —'2Re{v,Gv), the above quantity is bounded and is inde- 
pendent of s,t. 
2. We have 

Us,t,u,v)\\ = ^^^11 J\vs,x - l)iu,Gv)dX e(0)|| 
<j^^l\m,x-l)iu,Gv) e(0)|MA. 

By (a) the estimate follows. 

(c) 1. For any / e L^(M+,k). Let us consider 

{e{f),C{s,t,u,v)) = {e{f),-^Yl [\vs,x-l){u,L,v)a]{dX) e(0)) 
fm{<fl{ys,x-l){u.L,v) e{0))dX 
G'(s,A)ciA, 



1 ''^ 



where ^(s, A) = '}2j>i fjWi^if)^ iys,x — ^){u, Ljv) e(0)). Note that the complex 
valued function G{s, A) is uniformly continuous in both the variables s, A on [0, r] 
and G{t, t) = 0. So we get 

\im{e{f),Cis,t,u,v)) = 0. 
Since ^(s, t, v) is uniformly bounded in s, t 

s— >t 



2. We have 



{C,jis,t,u,v)) = ^J2i^,L,v) [\fiX)dX. (8.3) 

Since 

the function ^j>i{u, Ljv)^j^\-) is in and hence locally integrable. Thus we 
get 

□ 
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Lemma 8.3. Forn > 1, ^ G S„ anduk,Vk G h : /c = 1, 2, ■ ■ ■ , n, ^ G r(L^(]R+, k)) 
and disjoint intervals [sk.tk), 

(a) limg^^(^, HLi M{sk,tk, Uk, Vk) e(0)) = 0, 

where M{sk, 4, Uk, Vk) = ^^7^z^^(Mfc, ffc) - {uk, G Vk) - 7(5^, 4, Uk, Vk) and 
liiRg^f means t^ for each k. 

(b) Yim.g_^f{^,®l^^-i{Sk,tk,Uk,Vk)) = (^(")(ti,t2, ■ ■ ■ ,tn),v{ui,vi)<^- ■ ■®r]{Un,Vn)) 

Proof, (a) First note that M(s, t, u, f )e(0) = ({s, t, u, v) + t, u, v). So by the 
above observations {M(s, t, u, f )e(0)} is uniformly bounded in s,t and 
hm,^t(e(/),M(s,t,M,f)e(0)) = 0,V/ G L2(M+,k). Since the intervals [sfc,tfc)'s 
are disjoint for different /c's, 

n n 

JJ tfc, Ufe, e(0)) = JJ(e(/[sfe,t,)), M{sk, tk, Uk, Vk) e(0)) 

k=l k=l 

and thus lim^^j^{e{f),YYk=i ^i^k,'tk,Uk,Vk) ^(0)) ~ 0. By Lemma the vec- 
tor 11^=1 M{sk, tk, Uk, Vk) e(0) is uniformly bounded in Sk, tk and the convergence 
can be extended to Fock Space. 

(b) It can be proved similarly as part (c) of the previous Lemma. 

□ 

Lemma 8.4. Let ^ G F 6e such that 

(e,C) = 0, VCG5', (8.4) 

Then 

(i) = 0. 

(ii) e'\t) = 0, fora.e.te[0,T]. 

(ill) For any n > 0, ^("^(t) = 0, for a.e. te S„ : ti < t. 
(iv) The set S' is total in the Fock space F. 

Proof, (i) For any s > 0, Vg^s = ^h^r so in particular (18.41) gives, for any m, t> G h 

= {^,VsAu,v)eiO)) = {u,v)e^ 

and hence ^^^^ = 0. 
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(ii) By (USD, [Vs,t - l]{u,v)e{0)) = for any < s < t < r < oo, m, u G h. 
By HP equation (17.14^ and Lemma [8.11 we have 

= lim-^(e, [Vs,t-l]{u,v)eiO)) 

s^t t — S 



So {^^^\t),r](u, v)) = 0, Vm, V Eh. Since {r7('U, f ) : m, f G h} is total in k it follows 
that ^(^)(t) = for < t < r. 

(ill) We prove this by induction. The result is already proved for n = 0,1. For 
n > 2, assume as induction hypothesis that for all m < n — 1, ^^™^(t) = 0, 
for a.e. t G : tj < r, i = 1, 2, ■ ■ ■ , m. We now show that ^'■"■'(t) = 0, for a.e. 
t G II„ : < r. 

Let < Si < ti < S2 < t2 < ■ ■ . < Sn < tn < T and Ui,Vi E h : i = 1,2 ■■■ ,n. By 
and part (i) we have 



(e,n^%^^K,^^fc) e(0))=0. 

Ti Si 



, , tk — Sk 

fc = l 



Thus 



= lim(e,fT ^^^'"*'- ^\ uk,Vk) e(0)) (8.5) 

— — k=l 
n 

= lim{^,Y\{M{sk,tk,Uk,Vk) + {uk,G Vk) + j{sk,tk,Uk,Vk)} e(0)). 

t=i 

Let P,Q,R and P', R' be two sets of disjoint partitions of {1, 2, ■ ■ ■ ,n} such that 
Q and R are non empty. We write IS"! for the cardinality of set S. Then by 
Lemma 18.31 (b) the right hand side of (18. 5p is equal to 



^(^(l-^'l)(V^,-- - ,tr'^^^^),0keR'V{Uk,Vk)) Yl{Uk,GVk) 
P',R' k£P' 

+ hm ^{^,Y[{uk,G Vk) Yl{M{sk,tk,Uk,Vk)}Yl{lisk,tk,Uk,Vk)} e(0)). 

-~^-P,Q,R k£P keQ keR 

Thus by the induction hypothesis, 

= {^(^\t^,t2,--- ,tn),r]{ui,vi)<^---®r]{un,v^)) (8.6) 

+ \mv^{(^,Y\{uk,G Vk) W{M{sk,tk,Uk,Vk)}W{i{sk,tk,Uk,Vk)} e(0)). 
-~^-p,Q,R kmP k€Q keR 
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We claim that the second term in (18.61) vanishes. To prove the claim, it is enough 
to show that for any two non empty disjoint subsets Q = {qi,q2, ■ ■ ■ , (1\q\}, R = 
{ri,r2, ■ ■ ■ ,r|^|} of {1,2, ■ ■ ■ ,n}. 



Writing ip for the vector Ylq^giM {sq,tq, Uq, Vq)}e{0) , we have 

n^^^^?' tq, Uq, Vq)} Y[{l{Sr, U, Ur, Vr)} e(0)) 
qeQ r&R 

= '0 O ®reR ) 

= ®reR ) 

1>\R\ 
1>\R\ 

Here {{^^^\ ^p'^^-™)) e L2(R+, k)®l-f^l is defined as in (EI]) by 

{i^^\xi,X2, ■■■ ,xi), ^/'^'"l^l)(xi, xa, ■ ■ ■ , xi_iRi) (g) p(l^l)(xz_|ij|+i, ■ ■ ■ , a;i))k®i 

for any p^™ G L2(R+, k)®'^'. 
By Lemma [8.31 (a). 

Mm {^,Y[{M{Sq,tq,Uq,V,)}Y[MSr,tr,Ur,Vr)} e(0))=0. (8.10) 

q&Q reR 

However, we need to prove (18. 7p where the limit s ^ t has to be in arbitrary 
order. On the other hand, by (18. 8p and (18.91) we get 

lim hm {^,Y\_{M{Sq,tq,Uq,Vq)}Y\_{l{Sr,tr,Ur,Vr)} e(0)) 

Sq >tQ S-r 

qeQ reR 

= hm lim(^((e(0,^aHK|))),^^^^ l[--.M^(^->^-) ) 

1>\R.\ ' 

= hm lim(/ ([5^((e«,^(H«l)))](xi,X2,--- ,X|^|), 



1«l 1>\R\ 



r€R 



)dx 



lim(V((e('\^('-l«l)))(t.,,--- ,t.,^,),®.e,jr7(n„t;,)), (8.11) 

1>\R\ 
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for almost all t G ^\r\- We fix t G S|/j| and define families of vectors : / > 
in L2(M+,k)^' by 

which defines a Fock space vector ^. Therefore, from (18. lip , we get that 



lini \im {^,Y\{^(^<i^'tq,Uq,Vq)}Y[{l{sr,tr,Ur,Vr)} e(0))= llni , V^) 

q&Q reR 
= lim(e , [[[M{Sq,tq,Uq,Vq)] e(0)), 

which is equal to by Lemma [8.31 (a). Thus from (18. 6p we get that 

Since {ri(u,v) : M,f G h} is total in k, it follows that ^^'^\ti,t2, ■ ■ ■ ,tn) = for 
almost every (ti, ^2, ■ ■ ■ , ^n) £ : < r. □ 

(iv) Since r > is arbitrary = G L2(M+,k)®" : n > and hence ^ = 0. 
Which proves the totality of S' C T. 

9 Unitary Equivalence 

Here we shall show that the unitary evolution {Ug^t} on h (g) 7i is unitarily equiv- 
alent to the HP flow on h (g) r(L^(M_,_, k)) discussed above. Let us recall 
that the subset S = = f/gt(u,y)fi := Us^,uiui,vi) ■ ■ ■Us„,t„{un,Vn)^ : s = 
(si, S2, ■ ■ ■ , s„),t = (ti,t2, ■ ■ ■ : < si < ti < S2 < . . . < s„ < t„ < oo,n > 
l,u = (S)"=iUi,y = G h®"} is total in H and the subset 
^' ■= {C = ^s,tfex)e(0) := Vs^tA^uVi) ■ ■ ■ K„,t„K, ^n)e(O) : 

u,y G h'^"',s = (si, S2, ■ ■ ■ , Sn),t = (^1,^2, ■ ■ ■ ,^n)} is total in T. 

Lemma 9.1. Let Ug f{u,v)Q, Ug, f{2,w)^ ^ <S- 

Then there exist an integer m > 1, a = (ai, 02, ■ ■ ■ , am),b = (61, b2, ■ ■ ■ ,bn) : < 
< ^1 < ^2 < . . . < a„ < 6m < C)0, an ordered partition Ri U R2 U R3 = 
{1,2,- ■■ ,m} wt/i = rrii and a family of product vectors x^^^, Ji^^^ G h®™'!"'"™'^^ /^^ > 
1 : / = 1,2 - ■■ ,mi + m2, Rki^ki ^ h®"'+"'^ A;; > 1 : / = 1, 2, ■ ■ ■ , m2 + mg such 
that 

Us,tiu,v)=Y^ Yl Ua.MiXknVkt) (9.1) 

1&R1UR2 
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Us>^f{2,lil) = Y1 n Ua„bX9kvK)- (9-2) 

^ 1&R2UR3 

Proof. This follows from the evolution hypothesis of the family of unitary oper- 
ators {f/s,t}. □ 

Remark 9.2. Since the family of unitaries on h®r, enjoy all the properties 

satisfied by the family of unitaries {Ug^t} on h^Ti, the above Lemma also hold 
if we replace Us^t by Vg^f 

Lemma 9.3. For Ug f{u,v)Q, U^, f{p,w)^ ^ <S- 

{Us,ti^,vn Us,,tiE,w)^) = {Vs,ti^,v)eiO), V^,j;{p,w)eiO)). (9.3) 
Proof. We have by previous Lemma and Assumption: A 

(t^ife v)^],f/g,^^/(£,w)fi) 

= E n (^'^n z/^o^, ^) n (f^^^ 

l&Rs 

= ^Yl{Tk-atyknXki) Yl{gkt,Zb^_ai{\hkt ><ykt\)xk,) Yligk^n.^aM 

If leRi ieR.2 leRz 

= E W^^h-aX^h^VkM^)^ e(0)) W{Vb,-aXxknykM^)^h-aX9knhkM^)) 
leRs 

Now by Remark (19. 2p . the above quantity is equal to (Vg^(u,y)e(0), yg,^'(iD, w)e(O)). 

□ 

Theorem 9.4. There exist a unitary isomorphism S:h(8>7i^h®r such that 

Ut = E*VtE,y t> 0. (9.4) 

Proof. Let us define a map S : 7i ^ F by setting, for any = f/gtdi^v)^ e 
S, EC, := t(ii'^)^(0) ^ ^' then extending linearly. So by definition and 
totality of S', the range of S is dense in F. To see that S is a unitary operator 
from 7i to F it is enough to note that 

(He,HO = (e,0, V (9.5) 
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which is aheady proved in the previous Lemma. 

Now consider the amphated unitary operator Ih ® H from h (g) 7i to h (g) F and 
denote it by the same symbol S. In order to prove (19.41) it is enough to show that 

{u ® Utv ® r) = ® 0, VtE{v ® eO), V u,veh, r e 5. (9.6) 

Note that S ?7t(u, i;)^' = Vt{u, v) H Now by unitarity of S, we have 

□ 
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